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Existence of Non-Contractible Periodic Orbits for
Homeomorphisms of the Open Annulus
Jonathan Conejeros and Fa´bio Armando Tal∗
Abstract
In this article we consider homeomorphisms of the open annulus A =
R/Z×R which are isotopic to the identity and preserve a Borel probabil-
ity measure of full support, focusing on the existence of non-contractible
periodic orbits. Assume f is such homeomorphism such that the con-
nected components of the set of fixed points of f are all compact. Further
assume that there exists fˇ a lift of f to the universal covering of A such
that the set of fixed points of fˇ is non-empty and that this set projects
into an open topological disk of A. We prove that, in this setting, one of
the following two conditions must be satisfied: (1) f has non-contractible
periodic points of arbitrarily large periodic, or (2) for every compact set K
of A there exists a constant M (depending on the compact set) such that,
if zˇ and fˇn(zˇ) project on K, then their projections on the first coordinate
have distance less or equal to M .
1 Introduction
H. Poincare´’s rotation number concept for circle homeomorphisms is one of
the most celebrated and useful tools in dynamical systems theory, one that is
familiar to almost all students and researchers in the field. Such success has lead
to the generalization of the idea to several different contexts, where they have
developed into important and useful tools. One of the first such generalization
was the concept of rotation interval for endomorphisms of the circle, see [NPT].
Given a continuous degree one map f : T1 → T1, where T1 = R/Z, and a lift
fˇ : R→ R, one can define the rotation set of fˇ as follows:
ρ(fˇ) :=
{
ρ | ∃ zˇ ∈ R, lim
n→+∞
1
n
(fˇn(zˇ)− zˇ) = ρ
}
,
and it can be shown that such set is always a closed interval.
As in the case of circle homeomorphisms, it is possible to show that f has
periodic points if and only if the rotation interval of fˇ contains a rational point
and moreover, if p/q ∈ ρ(fˇ), then there exists some q periodic point z with
∗The first author was supported by CNPq-Brasil. The second author was partially sup-
ported by Fapesp, CNPq-Brasil and CAPES.
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rotation number p/q, that is, there exists zˇ lifting z such that fˇ q(zˇ) = zˇ + p.
Not only that, it can be shown that fˇ also presents uniformly bounded deviations
from its rotation set, that is, there exists a positive constantM such that, for all
zˇ ∈ R, n ∈ Z, it holds that d(fˇn(zˇ)− zˇ, nρ(fˇ)) < M . In particular, there exists
a dichotomy between two different phenomena: A circle endomorphism can
either have uniformly bounded deviations from a rigid rotation, or it must have
a sequence of periodic points with arbitrarily large prime period and distinct
rotation numbers.
As expected, there have been a large effort in trying to generalize the concept
of rotation numbers for dynamical systems in dimension higher than one, trying
to get suitable extensions of the 1-dimensional results. But this task is not
that simple, even for dimension 2, where the best attempts are only suitable for
homeomorphisms in the homotopy class of the identity. The best known case
here is the notion of rotation set of a torus homeomorphism, as introduced by
M. Misiurewicz and K. Ziemian in [MZ]. Given a homeomorphism f : T2 → T2
homotopic to the identity, where T2 = R2/Z2, and a lift fˇ : R2 → R2 to its
universal covering space and π : R2 → T2 the covering projection, one can define
the rotation set of fˇ as follows:
ρ(fˇ) :=
{
v | ∃(nk)k∈N ⊂ N, ∃(zˇk)k∈N ⊂ R
2, lim
k→+∞
1
nk
(fˇnk(zˇk)− zˇk) = v
}
.
Elements in ρ(fˇ) are called rotation vectors for fˇ . Furthermore, if a point z ∈ T2
is such that for some zˇ ∈ π−1(z), the limit limn→+∞
fˇn(zˇ)−zˇ
n
= v exists, then v
is called the rotation vector of z.
The use of rotation sets as a tool for understanding and describing dynamical
behavior in surfaces started in the 90s (see [F1], [F2], [MZ] and [LlM]), and
has developed in a very active field in the last decade, with some significant
contributions (see [BCH], [KT1]). Lately, a couple of aspects of the subject
have been drawing some increased attention. First, there have been several
studies trying to determine how well does the rotation set capture the possible
non-linear displacements. More specifically, under what conditions should one
expect to get uniformly bounded deviations from the rotation set. To be precise,
in the case where f is a homeomorphism of the 2-torus that is homotopic to
the identity, and fˇ is a lift to the universal covering, when does it hold that
there exists a positive constant M such that, for all zˇ ∈ R2, n ∈ N, it holds
that d(fˇn(zˇ) − zˇ, nρ(fˇ)) < M , as in the case of circle endomorphisms? It
is known that this is not the case when the rotation set of fˇ is a singleton
(see [KoK], [KT2]), even for area-preserving maps. On the other hand bounded
deviations are present when the rotation set of fˇ has nonempty interior (see
[D], [A-Z] and [LecT]). There has also been a large number of results with a
similar flavor when the rotation set of fˇ is a non-degenerate line-segment, see
for instance [D], [Ko] and [KPS].
A second direction, one that has drawn a particular interest due to con-
nections to similar problems in symplectic dynamics, is to describe sufficient
conditions for the existence of periodic points with distinct rotation numbers.
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Whenever g is a homeomorphism of a manifold M in the isotopy class of the
identity and gˇ is a lift to the universal covering space Mˇ commuting with the
covering transformations, and πˇ : Mˇ → M is the covering map, we say that a
periodic point z ∈ M is a contractible periodic point if every zˇ ∈ πˇ−1(z) is also
periodic, otherwise we call z a non-contractible periodic point. The question
on whether a homeomorphism of T2 has periodic points with distinct rotation
numbers is often reduced to the study of the co-existence of contractible and
non-contractible periodic points, and recent works concerning conditions for the
existence of non-contractible periodic points in surface or symplectic dynamics
can be found [G], [GG] and [T].
In this work we study how much of the bounded deviation machinery applies
to the case of conservative maps on a non-compact surface. Our main goal is to
examine how far the dichotomy that was present in the study of endomorphisms
of the circle holds in the case of the open annulus A := T1×R. We will denoted
by πˇ : Aˇ := R×R→ A the universal covering map of A. Our main result is the
following.
Theorem A. Let f be a homeomorphism of A which is isotopic to the iden-
tity and preserves a Borel probability measure of full support. Assume that the
connected components of the set of fixed points of f are all compact. Let fˇ be a
lift of f to Aˇ := R×R. Assume that fˇ has fixed points and that there exists an
open topological disk U ⊂ A such that the set of fixed points of fˇ projects into
of U . Then one of the following alternatives must hold:
(1) there exists an integer q ≥ 1 such that for every irreducible rational number
r/s ∈ (0, 1/q] the map zˇ 7→ fˇ s(zˇ) + (r, 0) has a fixed point or for every
irreducible rational number r/s ∈ (0, 1/q] the map zˇ 7→ fˇ s(zˇ) − (r, 0)
has a fixed point. In particular, f has non-contractible periodic points of
arbitrarily large prime periodic.
(2) for every compact set K of A there exists a real constant M > 0 such that
for every point zˇ and every integer n ≥ 1 such that zˇ and fˇn(zˇ) belong to
πˇ−1(K) one has ∣∣p1(fˇn(zˇ)) − p1(zˇ)∣∣ ≤M,
where p1 : Aˇ→ R is the projection on the first coordinate.
In order to prove Theorem A, we prove a recurrence type theorem in the
lifted dynamics of a homeomorphism of A that is isotopic to the identity.
Theorem B. Let f be a homeomorphism of A which is isotopic to the identity
and preserves a Borel probability measure of full support. Let fˇ be a lift of f to
Aˇ. Suppose that fˇ has fixed points. Then one of the following alternatives must
hold:
(1) there exists an integer q ≥ 1 such that for every irreducible rational number
r/s ∈ (0, 1/q] the map zˇ 7→ fˇ s(zˇ) + (r, 0) has a fixed point or for every
irreducible rational number r/s ∈ (0, 1/q] the map zˇ 7→ fˇ s(zˇ) − (r, 0) has
a fixed point.
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(2) for every recurrent point z ∈ A there exists an open topological disk V ⊂ A
containing z such that: if Vˇ is a lift of V and zˇ is the lift of z contained
in Vˇ , then for every integer n satisfying fn(z) ∈ V we have fˇn(zˇ) ∈ Vˇ .
In particular fˇ is non-wandering.
The main technique used in the proofs of Theorems A and B is the Equiv-
ariant Brouwer Theory of P. Le Calvez (see [Lec1] and [Lec2]) and a recently
developed accompanying orbit forcing theory (see [LecT]). The paper is orga-
nized as follows: the second section introduces the basic lemmas and results
from the above mentioned Equivariant Brouwer Theory and the forcing results,
as well as details the concepts of rotation sets for annulus homeomorphisms and
states some results that are used in the rest of the paper. Section 3 provides the
necessary lemmas and results for obtaining Theorem B, Section 4 includes the
proof of our main result and Section 5 provides two examples displaying how
tight are the hypothesis of Theorem A.
Acknowledgment. We are very grateful for Patrice Le Calvez, whose several
suggestions helped to improve the exposition of the paper and to greatly simplify
some proofs.
2 Preliminary results
In this section, we state different results and definitions that will be useful in
the rest of the article. The main tool will be the “forcing theory” introduced
recently by P. Le Calvez and the second author (see [LecT] for more details).
This theory will be expressed in terms of maximal isotopies, transverse foliations
and transverse trajectories.
2.1 The open annulus
We will denote by T1 the quotient space R/Z and by A := T1 × R the open
annulus. We will endow A with its usual topology and orientation. We will
denote by πˇ : Aˇ = R×R→ A the universal covering map of A. We will denote
by p1 : Aˇ → R the projection on the first coordinate. We note that every
nontrivial covering automorphism of πˇ is an iterate of the translation defined by
zˇ 7→ zˇ + (1, 0). A compact set X ⊂ A will be called essential if its complement
has two unbounded connected components, and a general set X ⊂ A will be
called essential if it contains an essential compact set.
2.2 Paths, lines, loops
Let M be an oriented surface. A path on M is a continuous map γ : J → M
defined on an interval J of R. In absence of ambiguity its image also will be
called a path and denote by γ. We will denote γ−1 : −J →M the path defined
by γ−1(t) = γ(−t). If X and Y are two disjoint subsets of M , we will say that a
path γ : [a, b]→M joins X to Y if γ(a) ∈ X and γ(b) ∈ Y . A path γ : J →M
is proper if the interval J is open and the preimage of every compact subset
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of M is compact. A line on M is an injective and proper path λ : J → M ,
it inherits a natural orientation induced by the usual orientation of R. A path
γ : R → M such that γ(t + 1) = γ(t) for every t ∈ R lifts a continuous map
Γ : T1 →M . We will say that Γ is a loop and γ is its natural lift. If n ≥ 1 is an
integer, we denote Γn the loop lifted by the path t 7→ γ(nt).
2.3 Lines of the plane
Let λ be a line of the plane R2. The complement of λ has two connected com-
ponents, R(λ) which is on the right of λ and L(λ) which is on its left. If X
and Y are two disjoint subsets of R2, we will say that a line λ separates X from
Y , if X and Y belong to different connected components of the complement
of λ. Let us suppose that λ0 and λ1 are two disjoint lines of R
2. We will say
that λ0 and λ1 are comparable if their right components are comparable for the
inclusion. Note that λ0 and λ1 are not comparable if and only if λ0 and (λ1)
−1
are comparable.
Let us consider three lines λ0, λ1 and λ2 in R
2. We will say that λ2 is above
λ1 relative to λ0 (and λ1 is below λ2 relative to λ0) if
• the three lines are pairwise disjoint;
• none of the lines separates the two others;
• if γ1 and γ2 are two disjoint paths that join z1 = λ0(t1), z2 = λ0(t2) to
z′1 ∈ λ1, z
′
2 ∈ λ2 respectively, and that do not meet the three lines but at
the ends,
then t2 > t1. This notion does not depend on the orientation of λ1 and λ2 but
depends of the orientation of λ0 (see Figure 1).
1



z'1
z'2
z2=0(t2)
z1=0(t1)
Figure 1: Order of lines. λ2 is above λ1 relative to λ0
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2.4 Transverse paths to surface foliations, transverse in-
tersection
Let M be an oriented surface. By an oriented singular foliation F on M we
mean a closed set Sing(F), called the set of singularities of F , together with
an oriented foliation F ′ on the complement of Sing(F), called the domain of
F denoted by dom(F), i.e. F ′ is a partition of dom(F) into connected ori-
ented 1-manifolds (circles or lines) called leaves of F , such that for every z in
dom(F) there exist an open neighborhood W of z, called trivializing neighbor-
hood and an orientation-preserving homeomorphism called trivialization chart
at z, h : W → (0, 1)2 that sends the restricted foliation F|W onto the verti-
cal foliation oriented downward. If the singular set of F is empty, we will say
that the foliation F is non singular. For every z ∈ dom(F) we will write φz
for the leaf of F that contains z. Let φ be a leaf of F . Suppose that a point
z ∈ φ has a trivialization neighborhood such that each leaf of F contains no
more than one leaf of F|W . In this case every point of φ satisfies the same prop-
erty. If furthermore no closed leaf of F meetsW , we will say that φ is wandering.
A path γ : J → dom(F) is positively transverse1 to F if for every t0 ∈
J , and h trivialization chart at γ(t0) the application t 7→ π1(h(γ(t))), where
π1 : (0, 1)
2 → (0, 1) is the projection on the first coordinate, is increasing in a
neighborhood of t0. We note that if Mˇ is a covering space ofM and πˇ : Mˇ →M
the covering projection, then F can be naturally lifted to a singular foliation Fˇ of
Mˇ such that dom(Fˇ) = πˇ−1(dom(F)). We will denote by d˜om(F) the universal
covering space of dom(F) and F˜ the foliation lifted from F|dom(F). We note
that F˜ is a non singular foliation of d˜om(F). Moreover if γ : J → dom(F) is
positively transverse to F , every lift γˇ : J → dom(Fˇ) of γ is positively transverse
to Fˇ . In particular every lift γ˜ : J → d˜om(F) of γ to the universal covering space
d˜om(F) of dom(F) is positively transverse to the lifted non singular foliation
F˜ .
2.4.1 F-transverse intersection for non singular planar foliations
In this paragraph, we will suppose that F is a non singular foliation on the
plane R2. We recall the following facts (see [HR]).
• Every leaf of F is a wandering line;
• the space of leaves of F , denoted by Σ furnished with the quotient topol-
ogy, inherits a structure of connected and simply connected one-dimensional
manifold;
• Σ is Hausdorff if and only if the foliation F is trivial, that means that
it is the image of the vertical foliation by a planar homeomorphism, or
equivalently if all leaves of F are comparable.
1In the whole text “transverse” will mean “positively transverse”.
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We will say that two transverse paths γ1 : J1 → R2 and γ2 : J2 → R2 are
F-equivalent if they satisfy the three following equivalent conditions:
• there exists an increasing homeomorphism h : J1 → J2 such that for every
t ∈ J1 we have φγ1(t) = φγ2(h(t));
• the paths γ1 and γ2 meet the same leaves of F ;
• the paths γ1 and γ2 project onto the same path of Σ.
Moreover, if J1 = [a1, b1] and J2 = [a2, b2] are two compact segments, these
conditions are equivalent to next one:
• One has φγ1(a1) = φγ2(a2) and φγ1(b1) = φγ2(b2).
In that case, note that the leaves met by γ1 are the leaves φ of F such that
R(φγ1(a1)) ⊂ R(φ) ⊂ R(φγ2(b1)). If the context is clear, we just say that the
paths are equivalent and we omit the dependence on F .
Let γ1 : J1 → R2 and γ2 : J2 → R2 be two transverse paths such that there
are t1 ∈ J1 and t2 ∈ J2 satisfying φγ1(t1) = φγ2(t2) = φ. We will say that γ1
and γ2 intersect F-transversally and positively at φ if there exist a1, b1 in J1
satisfying a1 < t1 < b1, and a2, b2 in J2 satisfying a2 < t2 < b2, such that
• φγ2(a2) is below φγ1(a1) relative to φ; and
• φγ2(b2) is above φγ1(b1) relative to φ.
See Figure 2.
1

L(1(b1))
L((b2))R((a1))
R((a2))

Figure 2: The paths γ1 and γ2 intersect F -transversally and positively at φ.
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Note that, if γ1 intersects F -transversally γ2, if γ′1 is equivalent to γ1 and γ
′
2
is equivalent to γ2, then γ
′
1 intersects F -transversally γ
′
2. We will say that the
equivalence class of γ1 intersects transversally the equivalence class of γ2.
As none of the leaves φ, φγ1(a1), φγ2(a2) separates the two others, one deduces
that
φγ1(a1) ⊂ L(φγ2(a2)), φγ2(a2) ⊂ L(φγ1(a1)).
Similarly as none of the leaves φ, φγ1(b1), φγ2(b2) separates the two others, one
deduces that
φγ1(b1) ⊂ R(φγ2(b2)), φγ2(b2) ⊂ R(φγ1(b1)).
Observe that these properties remain true when a1, a2 are replaced by
smaller parameters, b1, b2 by larger parameters, and φ by any another leaf
met by γ1 and γ2. Note that γ1 and γ2 have at least one intersection point
and that one can find two transverse paths γ′1, γ
′
2 equivalent to γ1, γ2 respec-
tively, such that γ′1 and γ
′
2 have a unique intersection point, located in φ, with
a topological transverse intersection. Note that, if γ1 and γ2 are two paths that
meet the same leaf φ of F , then either they intersect F -transversally, or one
can find two transverse paths γ′1, γ
′
2 equivalent to γ1, γ2 respectively, with no
intersection point.
2.4.2 F-intersection transverse in the general case
Let us return now to the general case, i.e we will suppose that F is an oriented
singular foliation on an oriented surface M . All previous definitions can be
extended in the case that every connected component of M is a plane and F
is non singular. We will say that two transverse paths γ1 : J1 → dom(F)
and γ2 : J2 → dom(F) are F-equivalent if there exist γ˜1 : J1 → d˜om(F) and
γ˜2 : J2 → d˜om(F) lift of γ1 and γ2 respectively to the universal covering space
d˜om(F) of dom(F) that are d˜om(F)-equivalent. This implies that there exists
an increasing homeomorphism h : J1 → J2 such that for every t ∈ J1 we have
φγ1(t) = φγ2(h(t)). Nevertheless these two conditions are not equivalent (see
Figure 3 from [LecT]). One can prove that γ1 and γ2 are F -equivalent if and
only if, there exists a holonomic homotopy between γ1 and γ2, that is, if there
exist a continuous transformation H : J1 × [0, 1] → dom(F) and an increasing
homeomorphism h : J1 → J2 satisfying:
• H(t, 0) = γ1(t), H(t, 1) = γ2(h(t)); and
• for every t ∈ J1 and every s1, s2 ∈ [0, 1], we have φH(t,s1) = φH(t,s2).
We will say that a loop Γ : T1 → dom(F) is positively transverse to F if it
is the case for its natural lift γ : R → dom(F). We will say that two loops
Γ1 : J1 → dom(F) and Γ2 : J2 → dom(F) are F -equivalent if there exist two
lifts γ˜1 : R → d˜om(F) and γ˜2 : R → d˜om(F) of Γ1 and Γ2 respectively to the
universal covering space d˜om(F) of dom(F), a covering automorphism T and
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an orientation preserving homeomorphism h : R→ R such that for every t ∈ R
we have
γ˜1(t+1) = T (γ˜1(t)), γ˜2(t+1) = T (γ˜2(t)), h(t+1) = h(t)+1, φγ˜2(h(t)) = φγ˜1(t).
We note that for every integer n ≥ 1 the loops Γn1 and Γ
n
2 are F -equivalent if
this is the case for Γ1 and Γ2. If two loops Γ1 and Γ2 are F -equivalent, then
there exists a holonomic homotopy between them and therefore they are freely
homotopic in dom(F). Nevertheless the converse does not hold (see Figure 4
from [LecT]).
Let γ1 : J1 → M and γ2 : J2 → M be two transverse paths that meet a
common leaf φ = φγ1(t1) = φγ2(t2). We will say that γ1 and γ2 intersect F-
transversally at φ if there exist paths γ˜1 : J1 → d˜om(F) and γ˜2 : J2 → d˜om(F),
lifting γ1 and γ2, with a common leaf φ˜ = φγ˜1(t1) = φγ˜2(t2) that lifts φ, and
intersecting F˜ -transversally at φ˜. Here again, we can give sign to the inter-
section. As explained in the last subsection, there exist t′1 ∈ J1 and t
′
2 ∈ J2
such that γ1(t
′
1) = γ2(t
′
2) and such that γ1 and γ2 intersect F -transversally at
φγ1(t′1) = φγ2(t′2). In this case we will say that γ1 and γ2 intersect F -transversally
at γ1(t
′
1) = γ2(t
′
2). In the case where γ1 = γ2 we will talk of a F -transverse
self-intersection. A transverse path γ has a F -transverse self-intersection if for
every lift γ˜ to the universal covering space of the domain of the foliation, there
exists a non trivial covering automorphism T such that γ˜ and T (γ˜) have a F˜ -
transverse intersection.
Similarly, let Γ be a loop that is transverse to F and γ its natural lift. If
γ intersects F -transversally a transverse path γ′ at a leaf φ, we will say that
Γ and γ′ intersect F -transversally at φ. Moreover if γ′ is the natural lift of
a transverse loop Γ′, we will say that Γ and Γ′ intersect F -transversally at φ.
Here again we can talk of self-intersection.
A transverse path γ : R → M will be called F-positively recurrent if for
every segment J of R and every t ∈ R there exists a segment J ′ contained in
[t,+∞) such that γ|J′ is F -equivalent to γ|J . It will be called F-negatively
recurrent if for every segment J of R and every t ∈ R there exists a segment J ′
contained in (−∞, t] such that γ|J′ is F -equivalent to γ|J . It will be called F-bi-
recurrent if it is both F -positively and F -negatively recurrent. We note that, if
γ : R→M and γ′ : R→M are F -equivalent and if γ is F -positively recurrent
(or F -negatively recurrent), then so is γ′. We will say that a F -equivalent class is
positively recurrent (negatively recurrent or bi-recurrent) is some representative
of the class is F -positively recurrent (respectively F -negatively recurrent, F -bi-
recurrent).
The following result describes paths with no transverse self-intersection on
the two-dimensional sphere.
Proposition 2.1 ( [LecT]). Let F be an oriented singular foliation on S2 and
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let γ : R→ S2 be a F-bi-recurrent transverse path. The following properties are
equivalent:
(i) γ has no F-transverse self-intersection;
(ii) there exists a transverse simple loop Γ′ such that γ is equivalent to the
natural lift γ′ of Γ′;
(iii) the set U =
⋃
t∈R φγ(t) is an open annulus.
2.5 Maximal isotopies, transverse foliations, admissible
paths, realizability of linearly admissible transverse
loops
2.5.1 Isotopies, maximal isotopies
Let M be an oriented surface. Let f be a homeomorphism of M . An identity
isotopy of f is a path that joins the identity to f in the space of homeomorphisms
of M , furnished with the C0-topology. We will say that f is isotopic to the
identity if the set of identity isotopies of f is not empty. Let I = (ft)t∈[0,1]
be an identity isotopy of f . Given z ∈ M we can define the trajectory of z as
the path I(z) : t 7→ ft(z). More generally, for every integer n ≥ 1 we define
In(z) =
∏
0≤k<n I(f
k(z)) by concatenation. We will also use the following
notations
IN(z) =
∏
k∈N
I(fk(z)), I−N(z) =
∏
k∈N
I(f−k(z)), IZ(z) =
∏
k∈Z
I(fk(z)).
The last path will be called the whole trajectory of z. One can define the fixed
point set of I as Fix(I) = ∩t∈[0,1] Fix(ft), which is the set of points with trivial
whole trajectory. The complement of Fix(I) will called the domain of I, and it
will be denoted by dom(I).
In general, let us say that an identity isotopy of f is a maximal isotopy, if
there is no fixed point of f whose trajectory is contractible relative to the fixed
point set of I. A very recent result of F. Be´guin, S. Crovisier and F. Le Roux
(see [BCL2]) asserts that such an isotopy always exists if f is isotopic to the
identity (a slightly weaker result was previously proved by O. Jaulent (see [J])).
Here we prefer to follow [BCL2], because Jaulent’s Theorem about existence of
maximal isotopies cannot be stated in the following natural form.
Theorem 2.2 ( [J], [BCL2]). Let M be an oriented surface. Let f be a homeo-
morphism of M which is isotopic to the identity and let I ′ be an identity isotopy
of f . Then there exists an identity isotopy I of f such that:
(i) Fix(I ′) ⊂ Fix(I);
(ii) I is homotopic to I ′ relative of Fix(I ′);
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(iii) there is no point z ∈ Fix(f) \Fix(I) whose trajectory I(z) is homotopic to
zero in M \ Fix(I).
We will say that an identity isotopy I satisfying the conclusion of Theorem
2.2 is a maximal isotopy. We note that the last condition of the above theorem
can be stated in the following equivalent form:
(iii’) if I˜ = (f˜t)t∈[0,1] is the identity isotopy that lifts I|M\Fix(I) to the universal
covering space of M \ Fix(I), then f˜1 is fixed point free.
The typical example of an isotopy I verifying condition (iii) is the restricted
family I = (ft)t∈[0,1] of a topological flow (ft)t∈R on M . Indeed, one can lift
the flow (ft|M\Fix(I))t∈R as a flow (f˜t)t∈R on the universal covering space of
M \ Fix(I). This flow has no fixed point and consequently no periodic point.
So f˜1 is fixed point free, which exactly means that condition (iii) is fulfilled.
2.5.2 Transversal foliations
Let f be a homeomorphism that preserves the orientation of the plane R2.
We will say that a line λ of R2 is a Brouwer line of f if f(λ) ⊂ L(λ) and
f−1(λ) ⊂ R(λ). If f is fixed point free the main result to the Brouwer Theory is
the Plane Translation Theorem: every point of the plane lies on a Brouwer line
of f (see [Bu]). Let us recall now the equivariant foliation version of this theorem
due to P. Le Calvez (see [Lec2]). Suppose that f is a homeomorphism that is
isotopic to the identity on an oriented surface M . Let I be a maximal identity
isotopy of f and let I˜ = (f˜t)t∈[0,1] be the identity isotopy that lifts I to the
universal covering space d˜om(I) of dom(I). We recall that the homeomorphism
f˜ = f˜1 is fixed point free. Suppose that dom(I) is connected, in this case d˜om(I)
is a plane and we have that there exists a non singular oriented foliation F˜ on
d˜om(I), invariant by the covering automorphisms, whose leaves are Brouwer
lines of f˜ (see [Lec2]). We have the following result, still true in case that
dom(I) is not connected.
Theorem 2.3 ( [Lec2]). Let M be an oriented surface. Let f be a home-
omorphism of M which is isotopic to the identity and let I be a maximal
identity isotopy of f . Then there exists an oriented singular foliation F with
dom(F) = dom(I), such that for every z ∈ dom(I) the trajectory I(z) is ho-
motopic, relative to the endpoints, to a positively transverse path to F and this
path is unique defined up to equivalence.
We will say that a foliation F satisfying the conclusion of Theorem 2.3 is
transverse to I. Observe that if Mˇ is a covering space of M and πˇ : Mˇ → M
the covering projection, a foliation F transverse to a maximal identity isotopy
I lifts to a foliation Fˇ transverse to the lifted isotopy Iˇ.
Given z ∈ M we will write IF (z) for the class of paths that are positively
transverse to F , that join z to f(z) and that are homotopic in dom(F) to I(z),
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relative to the endpoints. We will also use the notation IF (z) for every path in
this class and we will called it the transverse trajectory of z. More generally, for
every integer n ≥ 1 we can define InF (z) =
∏
0≤k<n I(f
k(z)) by concatenation,
that is either a transverse path passing through the points z, f(z), · · · , fn(z),
or a set of such paths. We will also use the following notations
INF (z) =
∏
k∈N
I(fk(z)), I−NF (z) =
∏
k∈N
I(f−k(z)), IZF (z) =
∏
k∈Z
I(fk(z)).
The last path will be called the whole transverse trajectory of z.
If z is a periodic point of f of period q, there exists a transverse loop Γ
whose natural lift γ satisfies γ|[0,1] = I
q
F (z). We will say that a transverse loop
is associated to z if it is F -equivalent to Γ. We note that this definition does
not depend on the choices of the trajectory IF (f
k(z)), with 0 ≤ k < q.
Let us state the following result that will be useful later.
Lemma 2.4 ( [LecT]). Fix z ∈ dom(I), an integer n ≥ 1, and parameterize
InF (z) by [0, 1]. For every 0 < a < b < 1, there exists a neighborhood V of z such
that for every z′ in V , the path InF (z)|[a,b] is equivalent to a subpath of I
n
F (z
′).
Moreover, there exists a neighborhood W of z such that for every z′ and z′′ in
W , the path InF (z
′) is equivalent to a subpath of In+2F (f
−1(z′′)).
An immediate consequence of the previous lemma is the fact that if z in
dom(I) is positively recurrent, negatively recurrent or bi-recurrent, then the
whole transverse trajectory of z, IZF (z) is F -positively recurrent, F -negatively
recurrent or F -bi-recurrent respectively.
2.5.3 Admissible paths
We will say that a transverse path γ : [a, b] → dom(I) is admissible of order n
(n is an integer larger than 1) if it is equivalent to a path InF (z), z in dom(I).
It means that if γ˜ : [a, b]→ d˜om(I) is a lift of γ, then there exists a point z˜ in
d˜om(I) such that z˜ ∈ φγ˜(a) and f˜
n(z˜) ∈ φγ˜(b), or equivalently, that
f˜n(φγ˜(a)) ∩ φγ˜(b) 6= ∅.
We note that if f preserves a Borel probability measure of full support, then
the set of bi-recurrent points is dense in M . It follows from Lemma 2.4 that
every admissible transverse path is equivalent to a subpath of a bi-recurrent one.
We will say that a transverse path γ : [a, b]→ dom(I) is admissible of order
≤ n (n is an integer larger than 1) if it is a subpath of an admissible path of
order n. More generally, we will say that a transverse path γ : J → dom(I)
defined on an interval of R is admissible if for every segment [a, b] ⊂ J , there
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exists an integer n ≥ 1 such that γ|[a,b] is admissible of order ≤ n. Similarly,
we will say that a transverse loop Γ is admissible if its natural lift is admissible.
The following lemma follows from Proposition 19 of [LecT] and states that
for transverse paths with a F -transverse self-intersection there is no difference
between being of order ≤ n and being of order n.
Lemma 2.5. Let γ : [a, b] → dom(I) be a transverse path with a F-transverse
self-intersection. If γ is admissible of order ≤ n, then γ is admissible of order
n.
The fundamental proposition (Proposition 20 from [LecT]) is a result about
maximal isotopies and transverse foliations that permits us to construct new
admissible paths from a pair of admissible paths.
Proposition 2.6 ( [LecT]). Suppose that γ1 : [a1, b1] → M and γ2 : [a2, b2] →
M are two transverse paths that intersect F-transversally at γ1(t1) = γ2(t2). If
γ1 is admissible of order n1 and γ2 is admissible of order n2, then the paths
γ1|[a1,t1]γ2|[t2,b2] and γ2|[a2,t2]γ1|[t1,b1] are admissible of order n1 + n2.
One deduces immediately the following result, Corollary 22 of [LecT].
Lemma 2.7 ( [LecT]). Let γi : [ai, bi] → M , 1 ≤ i ≤ r, be a family of r ≥ 2
transverse paths. We suppose that for every i ∈ {1, · · · , r} there exist si ∈ [ai, bi]
and ti ∈ [ai, bi] such that:
(i) γi|[si,bi] and γi+1|[ai+1,ti+1] intersect F-transversally and positively at γi(ti) =
γi+1(si+1) if i < r;
(ii) one has s1 = a1 < t1 < b1, ar < sr < tr = br and ai < si < ti < bi if
1 < i < r;
(iii) γi is admissible of order ni.
Then
∏
1≤i≤r γi|[si,ti] is admissible of order
∑
1≤i≤r ni.
The following result is a consequence of Proposition 23 from [LecT].
Lemma 2.8 ( [LecT]). Let γ : [a, b] → M be a transverse path admissible of
order n. Then there exists γ′ : [a, b] → M a transverse path, also admissible of
order n, such that γ′ has no F-transverse self-intersection and φγ(a) = φγ′(a),
φγ(b) = φγ′(b).
2.5.4 Realizability of linearly admissible loops
Let Γ be a F -transverse loop and let γ : R → M be its natural lift. We will
say that Γ is linearly admissible of order q (q is an integer larger than 1) if it
satisfies the following property (note that every equivalent loop will satisfy the
same property):
(Qq) : there exist two sequences (rk)k∈N and (sk)k∈N of natural integers satis-
fying
lim
k→+∞
rk = lim
k→+∞
sk = +∞, lim sup
k→+∞
rk/sk ≥ 1/q
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such that for every integer k ≥ 1, γ|[0,rk] is admissible of order ≤ sk.
In [LecT] the authors proved that in many situations the existence of a
transverse loop that satisfies property (Qq) implies the existence of infinitely
many periodic orbit. In our setting we can state their result as follows.
Proposition 2.9 (Proposition 26 of [LecT]). Let Γ be a linearly admissible
transverse loop of order q ≥ 1 that has a F-transverse self-intersection. Then
for every rational number r/s ∈ (0, 1/q], written in an irreducible way, the loop
Γr is associated to a periodic orbit of period s.
The following result will permit to apply the previous proposition.
Lemma 2.10 (Lemma 30 of [LecT]). Let γ1, γ2 : R → M be two admissible
positively recurrent paths (possibly equal) with a F-transverse intersection, and
let I1 and I2 be two real segments. Then there exists a linearly admissible trans-
verse loop Γ with a F-transverse self-intersection, such that γ1|I1 and γ2|I2 are
equivalent to subpaths of the natural lift of Γ.
2.6 Rotation set of annular homeomorphisms
In this paragraph, we consider a homeomorphism f of the open annulus A =
T1 × R which is isotopy to the identity. Let fˇ be a lift of f to Aˇ. We will
give the definition of the rotation set of fˇ due to J. Franks (see [F3]). Given
a compact set K of A, a number ρ ∈ R := R ∪ {+∞} ∪ {−∞} belongs to the
rotation set of fˇ relative to K, denoted by RotK(fˇ) if there exist a sequence of
points (zˇk)k∈N and a sequence of integers (nk)k∈N which goes to +∞ such that
for every k ∈ N, zˇk and fˇnk(zˇk) belong to πˇ−1(K) and
ρ = lim
k→+∞
1
nk
(p1(fˇ
nk(zˇk))− p1(zˇk)).
The rotation set of fˇ is defined as
Rot(fˇ) :=
⋃
K
RotK(fˇ),
where K is a compact set of A and the “closure” is taken in R. We say that a
point z ∈ A has rotation number equal to ρ if for any lift zˇ of z, we have that
the limit limn→+∞
1
n
(p1(fˇ
n(zˇ))− p1(zˇ)) exists and it is equal to ρ. Note that if
the limit exists, it is independent of zˇ ∈ πˇ−1(z). We note that for every p ∈ Z
and every q ∈ Z, the map fˇ q + (p, 0) defined by zˇ 7→ fˇ q(zˇ) + (p, 0) is a lift of
f q and we have Rot(fˇ q + (p, 0)) = qRot(fˇ) + p. We note that the first author
proved that this set is always an interval (see [C]). We recall that this result has
been known for measure-preserving homeomorphisms (for example, see [Lec2],
Theorem 9.1 for a proof that uses maximal isotopies and transverse foliations).
In this case, we obtain the following theorem.
Theorem 2.11 ( [F3], [Lec2]). Let f be a homeomorphism of A which is isotopic
to the identity and preserves a Borel probability measure of full support. Let fˇ
be a lift of f to Aˇ. Then for every irreducible rational number r/s that belongs
to the interior of Rot(fˇ) there exists a point zˇ in Aˇ such that fˇ s(zˇ) = zˇ+(r, 0).
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2.7 A classical Brouwer theory lemma
In this section, we will prove a general proposition that play a key role in the
proof of the existence of non-contractible periodic point (see subsection 3.6).
We will use classical properties of translations, derived from Brouwer Theory.
The following lemma is a direct consequence of Lemma 3.1 of [Bw].
Lemma 2.12. Let K ⊂ R2 be an arcwise connected set such that K ∩ (K +
(1, 0)) = ∅. Then for every j ∈ Z with j 6= 0, we have that K ∩ (K +(j, 0)) = ∅.
The following proposition is Lemma 12 from [GKT]. We outline here the
proof.
Proposition 2.13 ( [GKT]). Let δ be a segment such that δ ∩ (δ + (1, 0)) = ∅.
Let γ : [0, 1] → R2 be a path satisfying γ(0) ∈ δ and γ(1) ∈ δ + (j, 0) for some
j ∈ N. Then
(i) the path γ meets γ + (1, 0), or
(ii) for every i ∈ {0, · · · , j}, the path γ meets δ + (i, 0).
Proof. Suppose that Assertion (i) does not hold, that is γ∩ (γ+(1, 0)) = ∅. Fix
i ∈ {0, · · · , j}, we will prove that γ ∩ (δ + (i, 0)) 6= ∅. Consider
t0 := max
t ∈ [0, 1] : γ(t) ∈ ⋃
n≥0
(δ + (i − n, 0))
 ,
t1 := min
t ∈ [t0, 1] : γ(t) ∈ ⋃
n≥1
(δ + (i + n, 0))
 ,
and let i0 ≥ 0 and j0 ≥ 1 be integers such that γ(t0) ∈ δ + (i − i0, 0) and
γ(t1) ∈ δ + (i+ j0, 0). Finally, let
K := (δ + (i − i0, 0)) ∪ γ([t0, t1]) ∪ (δ + (i + j0, 0)),
which is an arcwise connected set. We prove by contradiction that i0 = 0 and
j0 = 1, i.e. we assume that i0 + j0 > 1 and we seek a contradiction. Note first
that by construction, the path γ((t0, t1)) is disjoint from ∪n∈Z(δ+(n, 0)). Since
δ ∩ (δ + (1, 0)) = ∅, it follows from Lemma 2.12 that for every non-zero integer
n we have δ∩ (δ+(n, 0)) = ∅, and so δ+(i− i0, 0) is disjoint from δ+(i+ j0, 0)
(because i0+ j0 > 1). Therefore we have that K is disjoint from K+(1, 0), and
so again by Lemma 2.12 we have that for every non-zero integer n, K is disjoint
from K +(n, 0). But i0+ j0 > 1, and clearly K +(i0+ j0, 0) intersects K. This
contradiction shows that i0 + j0 = 1, i.e. i0 = 0 and j0 = 1.
Since γ(t0) ∈ γ ∩ (δ + (i − i0, 0)) = γ ∩ (δ + (i, 0)), we have shown that γ
intersects δ + (i, 0), i.e. Assertion (ii) holds. This completes the proof of the
proposition. 
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2.8 A triple boundary lemma for surface homeomorphisms
In this section we will state a theorem recently proved by A. Koropecki, P. Le
Calvez and the second author (see [KLecT]). It plays a key role in the proof
of Theorem A because simplifies the first version of its proof. We denote by S2
the sphere of dimension 2.
Theorem 2.14. Suppose that f : S2 → S2 is an orientation-preserving home-
omorphism, and B is a closed topological disk such that f(B) ∩ B = ∅. If B
intersects three pairwise disjoint open f -invariant topological disks, then f has
wandering points.
A point x is called wandering for a homeomorphism f of a topological space
X if there is an open neighbourhood U of x such that the sets f−n(U), n ≥ 0
are pairwise disjoint.
3 Existence of non-contractible periodic points
for homeomorphisms of the open annulus
In order to prove Theorem A, we prove a recurrence type theorem in the lifted
dynamics of a homeomorphism of the open annulus that is isotopic to the iden-
tity. Let f be a homeomorphism of A which is isotopic to the identity and let
I ′ be an identity isotopy of f . A periodic point z ∈ A of period q ∈ N is said
contractible (with respect to the isotopy I ′) if the loop I ′q(z) is homotopically
trivial in A, otherwise it is said non-contractible (with respect to the isotopy I ′).
In this section we examine some conditions that ensure the existence of non-
contractible periodic point of arbitrarily high period. We have the following
result.
Theorem B. Let f be a homeomorphism of A which is isotopic to the identity
and preserves a Borel probability measure of full support. Let fˇ be a lift of f to
Aˇ. Suppose that fˇ has fixed points. Then one of the following alternatives must
hold:
(1) there exists an integer q ≥ 1 such that for every irreducible rational number
r/s ∈ (0, 1/q] the map zˇ 7→ fˇ s(zˇ) + (r, 0) has a fixed point or for every
irreducible rational number r/s ∈ (0, 1/q] the map zˇ 7→ fˇ s(zˇ) − (r, 0) has
a fixed point.
(2) for every recurrent point z ∈ A there exists an open topological disk V
containing z such that: if Vˇ is a lift of V and zˇ is the lift of z contained
in Vˇ , then for every integer n satisfying fn(z) ∈ V we have fˇn(zˇ) ∈ Vˇ .
In particular fˇ is non-wandering.
Proof of Theorem B. Since f is a homeomorphism of A isotopic to the iden-
tity, for every lift gˇ of f to Aˇ one can always find an identity isotopy of f
that lifts to a path in the space of homeomorphisms of Aˇ joining the identity
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and gˇ. Therefore, let I ′ be an identity isotopy of f , such that its lift to Aˇ,
denoted Iˇ ′, is an identity isotopy of fˇ . By Theorem 2.2 one can find a maximal
identity isotopy I of f larger than I ′. It can be lifted to an isotopy Iˇ with
ˇdom(I) = πˇ−1(dom(I)). This isotopy is a maximal identity isotopy of fˇ larger
than Iˇ ′. By Theorem 2.3 one can find an oriented singular foliation F which is
transverse to I, its lift to ˇdom(I), denoted by Fˇ is transverse to Iˇ. Theorem B
is a consequence of the following proposition which will be proved below.
Proposition 3.1. Suppose that f has contractible fixed points (with respect to
I) and that one of the following conditions is satisfied:
(i) There exist a linearly admissible transverse loop Γ with a F-transverse self-
intersection, a lift γˇ of the natural lift of Γ to Aˇ and a non-zero integer j
such that for every t ∈ R we have γˇ(t+ 1) = γˇ(t) + (j, 0).
(ii) There exist a linearly admissible transverse loop Γ with a F-transverse self-
intersection, a lift γˇ of the natural lift of Γ to Aˇ and a non-zero integer
j such that γˇ is the natural lift of a loop Γˇ and Γˇ and Γˇ + (j, 0) have a
Fˇ-transverse intersection.
(iii) There exist an admissible F-bi-recurrent transverse path γ which has no
F-transverse self-intersection, a lift γˇ of γ to Aˇ, a leaf φˇ of Fˇ and a
non-zero integer j such that γˇ crosses both φˇ and φˇ+ (j, 0).
Then there exists an integer q ≥ 1 such that for every irreducible rational number
r/s ∈ (0, 1/q] the map zˇ 7→ fˇ s(zˇ) + (r, 0) or zˇ 7→ fˇ s(zˇ)− (r, 0) has a fixed point.
In particular f has non-contractible periodic points of arbitrarily high period.
Remark 1. If above condition (ii) holds, we will prove that there exists an integer
q ≥ 1 such that for every irreducible rational number r/s ∈ [−1/q, 1/q] the map
zˇ 7→ fˇ s(zˇ) + (r, 0) has a fixed point.
3.1 Some conditions that ensure the existence of non-
contractible periodic points
In this subsection we examine some conditions that allow us to apply Propo-
sition 3.1, and so to ensure the existence of non-contractible periodic points of
arbitrarily high period. Let F be an oriented singular foliation on A. We recall
some facts about F -bi-recurrent transverse path on A. Let γ : J ⊂ R → A
be a F -bi-recurrent transverse path. The path γ being bi-recurrent, one can
find real numbers a < b such that φγ(a) = φγ(b). Replacing γ by an equiv-
alent transverse path, one can suppose that γ(a) = γ(b). Let Γ be the loop
naturally defined by the closed path γ|[a,b]. We know that every leaf that meet
Γ is wandering (see [LecT] for more details) and consequently, if t and t′ are
sufficiently close, one has φΓ(t) 6= φΓ(t′). Moreover, because Γ is positively trans-
verse to F , one cannot find an increasing sequence (an)n∈N and a decreasing
sequence (bn)n∈N, such that φγ(an) = φγ(bn). So, there exist real numbers a
′, b′
with a ≤ a′ < b′ ≤ b such that t 7→ φγ(t) is injective on [a
′, b′) and satisfies
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φγ(a′) = φγ(b′). Replacing γ by an equivalent transverse path, one can suppose
that γ(a′) = γ(b′). Let Γ′ be the loop naturally defined by the closed path
γ|[a′,b′]. The set UΓ′ =
⋃
t∈[a′,b′] φγ(t) is an open annulus and Γ
′ is a simple loop.
As the path γ is a F -bi-recurrent transverse path we have the following result,
whose proof is contained in the proof of Proposition 2 from [LecT].
Lemma 3.2 ( [LecT]). Suppose that there exists t < a′ such that γ(t) /∈ UΓ′ .
Then there exists t′ ∈ R with b′ < t′ such that γ(t) and γ(t′) are in the same con-
nected component of the complement of UΓ′ . Moreover γ|[t,t′] has a F-transverse
self-intersection.
Proof. See the proof of Proposition 2 from [LecT]. 
In the sequel, we assume, as in the previous subsection, that f is a homeo-
morphism of A that is isotopic to the identity and preserves a Borel probability
measure of full support, and that I is a maximal identity isotopy of f . We write
Iˇ for the lifted isotopy of I and fˇ for the lift of f associated to I. This isotopy
is a maximal identity isotopy of fˇ . We suppose that F is an oriented singular
foliation with dom(F) = dom(I) which is transverse to I and we write Fˇ for its
lift to Aˇ, which is transverse to Iˇ.
Lemma 3.3. Let γ : [a, b] → A be an admissible F-transverse path and let
γˇ : [a, b]→ Aˇ be a lift of γ to Aˇ. Suppose that there exists a non-zero integer j
such that γˇ and γˇ + (j, 0) intersect Fˇ-transversally. Then condition (i) or (ii)
of Proposition 3.1 is satisfied.
Proof. By density of bi-recurrent points of f and Lemma 2.4 we can suppose that
γ is equivalent to a subpath of the whole transverse trajectory of a bi-recurrent
point. Since this whole transverse trajectory has a F -transverse self-intersection
(by hypothesis), by Lemma 2.10 there exists a linearly admissible transverse loop
Γ′ with a F -transverse self-intersection, such that γ is equivalent to subpaths
of the natural lift of Γ′. We note that, if γ′ is the natural lift of Γ′ and γˇ′ is the
lift of γ′ to Aˇ, then either γˇ′ is periodic or there exists some non-zero integer j
such that γˇ′(t+1) = γˇ′(t)+ (j, 0) for all t. In the first case, since γˇ is a subpath
of γˇ′, one deduces that Γ′ satisfies condition (ii) of Proposition 3.1, and in the
second case Γ′ satisfies condition (i) of Proposition 3.1. 
From Lemmas 3.2 and 3.3 we deduce the following result.
Lemma 3.4. Let γ : [a, b] → A be an admissible F-transverse path. Suppose
that there are real numbers a < a′ < b′ < b such that γ(a′) = γ(b′) and t 7→
φγ(t) is injective on [a
′, b′). Let UΓ′ be the open annulus associated to the loop
naturally defined by the closed path γ|[a′,b′]. Suppose furthermore that γ(a) and
γ(b) belong to the same connected component of the complement of UΓ′ . Suppose
that γˇ : [a, b]→ Aˇ is a lift of γ to Aˇ that has no Fˇ-transverse self-intersection.
Then condition (i) or (ii) of Proposition 3.1 is satisfied.
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Proof. By density of bi-recurrent points of f and Lemma 2.4 we can suppose
that γ is equivalent to a subpath of the whole transverse trajectory of a bi-
recurrent point. Since γ(a) and γ(b) belong to the same connected component
of the complement of UΓ′ we know, by Lemma 3.2, that the path γ has a F -
transverse self-intersection. Since γˇ has no Fˇ -transverse self-intersection, there
exists a non-zero integer j such that γˇ and γˇ + (j, 0) intersect Fˇ -transversally.
Hence from Lemma 3.3, we know that condition (i) or (ii) of Proposition 3.1 is
satisfied. This completes the proof of the lemma. 
Lemma 3.5. Let γ : [a, b] → A be an admissible F-transverse path and let
γˇ : [a, b] → Aˇ be a lift of γ. Suppose that there exist a leaf φˇ of Fˇ and three
distinct integers ji, 1 ≤ i ≤ 3, such that γˇ crosses each φˇ+ (ji, 0). Then one of
conditions of Proposition 3.1 is satisfied.
Proof. By density of the set of bi-recurrent points of f and Lemma 2.4 we can
suppose that γ is equivalent to a subpath of γ′, the whole transverse trajectory
of a bi-recurrent point. Since the lift γˇ′ of γ′ that contains a subpath equivalent
to γˇ crosses each φˇ + (ji, 0), 1 ≤ i ≤ 3, it is sufficient to considerer the case
where γ′ has a F -transverse self-intersection. Otherwise γ′ satisfies condition
(iii) of Proposition 3.1. Hence by Lemma 2.10 there exists a linearly admissible
transverse loop Γ′′ with a F -transverse self-intersection such that γ is equivalent
to subpaths of the natural lift of Γ′′. Write γ′′ for the natural lift of Γ′′ and for γˇ′′
the lift of γ′′ that contains a subpath equivalent to γˇ. We can suppose that γˇ′′ is
also a loop Γˇ′′, otherwise Γ′′ satisfies condition (i) of Proposition 3.1. In this case
Γˇ′′ is a Fˇ -recurrent transverse path that crosses each φˇ+(ji, 0), 1 ≤ i ≤ 3. Hence
we can prove that there exist i 6= i′ such that Γˇ′′−(ji, 0) and Γˇ
′′−(ji′ , 0) intersect
Fˇ-transversally (see the proof of Proposition 43 from [LecT]). This implies that
Γˇ′′ and Γˇ′′+(j, 0) intersect Fˇ -transversally, where j = ji−ji′ . Hence Γ′′ satisfies
condition (ii) of Proposition 3.1. This completes the proof. 
From the previous lemmas and Proposition 2.13 we deduce the following
corollaries.
Corollary 3.6. Let γ : [a, b] → A be an admissible F-transverse path and let
γˇ : [a, b] → Aˇ be a lift of γ. Suppose that there exists an integer j with |j| ≥ 2
such that φγˇ(b) = φγˇ(a) + (j, 0). Then one of conditions of Proposition 3.1 is
satisfied.
Proof. We will write φˇ by the leaf φγˇ(a) of Fˇ . By Lemma 2.8, there exists an
admissible Fˇ -transverse path γˇ′ : [a, b] → Aˇ such that γˇ′ has no Fˇ -transverse
self-intersection and φγˇ′(a) = φˇ, φγˇ′(b) = φˇ+ (j, 0). We will suppose that j ≥ 2,
the other case is proved similarly. By Lemma 3.5 we can suppose that for
every i ∈ {1, · · · , j − 1} we have that γˇ′ does not meet φˇ + (i, 0). Let us fix
i ∈ {1, · · · , j − 1} and consider
a′0 := max
{
t ∈ [a, b] : γˇ′(t) ∈
⋃
n∈N
(φˇ+ (i− n, 0))
}
,
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b′0 := min
{
t ∈ [a′0, b] : γˇ
′(t) ∈
⋃
n∈N
(φˇ + (i+ n, 0))
}
,
and let γˇ′0 = γˇ
′|[a′
0
,b′
0
]. Note that, as φˇ is disjoint from φˇ + (1, 0), we can apply
Proposition 2.13 with φˇ in place of δ, and deduce that γˇ′0 meets γˇ
′
0 + (1, 0).
Therefore there exist a′0 ≤ t1 < s1 ≤ b
′
0 such that φγˇ′(t1) = φγˇ′(s1)+(1,0) and
since, by construction of a′0 and b
′
0, φγˇ′(t1) cannot be equal to φˇ, we have that
a′0 < t1 and s1 < b
′
0. Hence γˇ
′
0 projects onto an admissible F -transverse path γ
′
0
for which there exist real numbers t1 ≤ a′′0 < b
′′
0 ≤ s1 such that γ
′
0(a
′′
0) = γ
′
0(b
′′
0)
and t 7→ φγ′
0
(t) is injective on [a
′′
0 , b
′′
0). Let UΓ′′0 be the open annulus associated
to the loop naturally defined by the closed path γ′0|[a′′0 ,b′′0 ]. We note that by
construction γ′(a′0) and γ
′(b′0) belong to the same leaf (the projection of φˇ) and
since γˇ′|(a′
0
,b′
0
) does not intersect the translates of φˇ, φγ′
0
(a′
0
) does not belong to
the annulus UΓ′′
0
. We deduce the corollary from Lemma 3.4. 
We need a slightly stronger result than the previous corollary, which does
not have restrictions on the initial and final points of γ.
Corollary 3.7. Let γ : [a, b] → A be an admissible F-transverse path and let
γˇ : [a, b]→ Aˇ be a lift of γ. Suppose that there exist a leaf φˇ of Fˇ and an integer
j with |j| ≥ 2, such that γˇ crosses both φˇ and φˇ+(j, 0). Then one of conditions
of Proposition 3.1 is satisfied.
Proof. Since in the proof of Lemma 3.5 we can obtain a linearly admissible
transverse loop Γ′′ with a F -transverse self-intersection such that γ is equivalent
to subpaths of the natural lift γ′′ of Γ′′. Consider real numbers a ≤ a′ < b′ ≤ b
such that φγˇ(a′) = φˇ and φγˇ(b′) = φˇ+(j, 0), and let t1 < t2 be such that γ
′′|[t1,t2]
is equivalent to γ|[a′,b′]. Since Γ
′′ has a F -transverse self-intersection, there
exists some t2 < t3 < t4 such that γ
′′|[s1,s2] has a F -transverse self-intersection
for every s1 < t3 and every s2 > t4. Since Γ
′′ is admissible, this implies by
Lemma 2.5 that for every s1 < t3 < t4 < s2 there exists n ≥ 1 such that
γ′′|[s1,s2] is admissible of order n. Let k be a positive integer sufficiently large
such that t1 + k > t4, and let γˇ′′ be the lift of γ
′′ such that φγˇ′′(t1) = φˇ. Then
there exists an integer r such that φγˇ′′(t2) = φˇ+(j, 0), φγˇ′′(t1+k) = φˇ+(r, 0) and
φγˇ′′(t2+k) = φˇ+ (r + j, 0). If |r + j| ≥ 2, we can apply the previous corollary to
γ′′|[t1,t2+k], and if not, then |r − j| ≥ 2 and we can apply the previous corollary
to γ′′|[t2,t1+k]. 
3.2 Proof of Proposition 3.1
In this subsection, we show Proposition 3.1. In the sequel, we assume that f
is a homeomorphism of A that is isotopic to the identity and preserves a Borel
probability measure of full support, and that I is a maximal identity isotopy of
f . We write Iˇ for the lifted isotopy of I and fˇ for the lift of f associated to
I. This isotopy is a maximal identity isotopy of fˇ . We suppose that F is an
oriented singular foliation with dom(F) = dom(I) which is transverse to I and
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we write Fˇ for its lift to Aˇ, which is transverse to Iˇ.
Let us suppose first that there exist a linearly admissible transverse loop
Γ : T1 → A with a F-transverse self-intersection, a lift γˇ of the natural lift of
Γ to Aˇ, and a non-zero integer j such that for every t ∈ R we have γˇ(t + 1) =
γˇ(t)+ (j, 0). Suppose that Γ satisfies the condition (Qq) for some integer q ≥ 1.
By Proposition 2.9 we have that for every rational number r/s ∈ (0, 1/q] written
in an irreducible way, the loop Γr is associated to a periodic orbit of period s.
In particular, the map zˇ 7→ fˇ q(zˇ)+ (j, 0) or zˇ 7→ fˇ q(zˇ)− (j, 0) has a fixed point.
Since fˇ has fixed points and the rotation set of fˇ is an interval (Theorem 2.11)
the proof of Proposition 3.1 follows in the first case.
Now let us suppose that there exists a linearly admissible transverse loop
Γ : T1 → A with a F-transverse self-intersection, a lift γˇ of the natural lift of Γ
to Aˇ and a non-zero integer j such that γˇ is the natural lift of a loop Γˇ and Γˇ and
Γˇ + (j, 0) have a Fˇ-transverse self-intersection. Choose an integer L sufficient
large, such that γˇ|[0,L] has a Fˇ -transverse intersection with γˇ|[0,L] + (j, 0) at
γˇ(t) = γˇ(s) + (j, 0) with s < t. The loop Γˇ being linearly admissible, there
exists an integer q ≥ 1 such that γˇ|[−L,2L] is admissible of order q. Applying
Lemma 2.7 with γˇ|[−L,2L] + (ij, 0) in place of γi or with γˇ|[−L,2L] − (ij, 0) in
place of γi yields that for every integer n ≥ 1, the paths
n−1∏
i=0
(
γˇ|[s−L,t+L] + (ij, 0)
)
and
n−1∏
i=0
(
γˇ|[t−L,s+L] − (ij, 0)
)
,
are admissible of order ≤ nq, and both have Fˇ -transverse self-intersection as
both paths contain as a subpath γˇ|[0,L]. Lemma 2.5 shows that both paths are
therefore admissible of order nq. Therefore the paths γˇ|[s−L,t+L] and γˇ|[t−L,s+L]
project onto closed paths of A and the two loops naturally defined have F -
transverse self-intersection and are linearly admissible. We conclude as in the
first case. This completes the proof of Proposition 3.1 in the second case.
Finally, let us suppose that there exist an admissible F-bi-recurrent path
γ : R → A which has no F-transverse self-intersection, a lift γˇ of γ to Aˇ, a
leaf φˇ of Fˇ and a non-zero integer j such that γˇ crosses both φˇ and φˇ + (j, 0).
By Proposition 2.1 the path γ is equivalent to the natural lift of a transverse
simple loop Γ, denoted still γ. Consider the set UΓ = ∪t∈Rφγ(t) which is an
essential open annulus in A, because γˇ crosses both φˇ and φˇ + (j, 0). This
implies that Γ is an essential simple loop, and so γˇ intersects φˇ + (k, 0) for
every integer k. Note that either for every t, γˇ(t + 1) = γˇ(t) + (1, 0) or for
every t ,γˇ(t + 1) = γˇ(t) − (1, 0). We assume the first case holds, the other
case being similar. Since γ is admissible, there exist L, n > 0 such that γˇ|[0,L]
intersects φˇ, φˇ + (1, 0) and φˇ + (2, 0), and is admissible of order ≤ n. Assume
first that there exists x such that the whole transverse trajectory of x has a
F -transverse self-intersection and also contains a subpath equivalent to γ|[0,L].
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Then, as in the proof of Lemma 3.5, one deduces that either condition (i) or (ii)
of Proposition 3.1 hold, and we are done. Therefore we can assume that every
point whose whole transverse trajectory contains a subpath equivalent to γ|[0,L]
does not have a F -transverse self-intersection. In particular, if such a point is
bi-recurrent, then its whole transverse trajectory is equivalent to γ.
Since UΓ is an essential annulus, its lift UˇΓ to Aˇ is a foliated connected open
set, homeomorphic to R2 and invariant by integer translations. Furthermore, if
φˇ0 is a leaf of Fˇ in UˇΓ then φˇ0 intersects γˇ and it also is a line in UˇΓ. As we are
assuming that γˇ(t + 1) = γˇ(t) + (1, 0) for every t, one deduces that φˇ0 + (k, 0)
belongs to the right of φˇ0 in UˇΓ if k > 0 and it belongs to the left of φˇ0 in UˇΓ
if k < 0. Therefore, if β : [0, 1] → UΓ is a closed path positively transversal to
F and βˇ is a lift of β to Aˇ, then βˇ(1) = βˇ(0) + (l, 0) with l a strictly positive
integer.
Let z be a point such that InF (z) contains a subpath equivalent to γ|[0,L].
One can find, by Lemma 2.4, a small open ball W ⊂ UΓ, with radius r < 1/4
and containing z, such that for all x in W the whole transverse trajectory of x
contains a subpath equivalent to γ|[0,L]. Let us fix Wˇ a lift of W to Aˇ.
Lemma 3.8. Let x be a bi-recurrent point in W , and let xˇ ∈ Wˇ be a lift of x.
If i > 0 is such that f i(x) ∈ W , then there exists k > 0 such that fˇ i(xˇ) belongs
to Wˇ + (k, 0).
Proof. If, by contradiction, fˇ i(xˇ) belongs to Wˇ + (k, 0) for some k ≤ 0 then
Ii+2
Fˇ
(fˇ−1(xˇ)) must contain a subpath that is equivalent to a simple transverse
closed curve β : [0, 1] → Aˇ with β(0) = β(1) + (k, 0). But since the whole
transverse trajectory of x is contained in UΓ, this is impossible. 
Since f preserves a Borel probability measure of full support, by the Poincare´’s
Recurrence Theorem one can find a subset B of W with positive measure such
that every x in B is bi-recurrent, and also such that, for every x in B, there ex-
ists a strictly increasing sequence nk of integers with lim infk→∞ k/nk = a > 0
where fnk(x) belongs to W for all k. But this implies, by the previous lemma
and a simple induction argument, that if x belongs to B and xˇ is a lift x in Wˇ ,
then fˇnk(xˇ) must belong to Wˇ + (ik, 0) for some integer ik ≥ k. One deduces
that there exists a subsequence nkl , such that
lim
l→∞
1
nkl
(
p1(fˇ
nk
l (xˇ))− p1(xˇ)
)
= lim
l→∞
ikl
nkl
= ρ ≥ a
where the limit is taken in R. Therefore the rotation set of f contains both 0
and ρ > 0. Since this set is an interval, Proposition 3.1 follows in this case from
Theorem 2.11. This completes the proof of Proposition 3.1.
3.3 End of the proof of Theorem B
End of the proof of Theorem B. Suppose that Assertion (ii) does not hold. There
exists a f -recurrent point z0 ∈ A such that for every neighborhood V of z0, Vˇ
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lift of V , and zˇ0 the lift of z0 contained in Vˇ there exists an integer n ≥ 1 such
that fn(z0) ∈ V , but fˇn(zˇ0) ∈ Vˇ + (j, 0) for some non-zero integer j. On the
other hand, by Lemma 2.4, we can find a neighborhood W of z0 such that for
every z ∈ W the path I2F (f
−1(z)) crosses the leaf φz0 . Let Wˇ be a lift of W
to Aˇ containing zˇ0. Therefore Corollary 3.7 permits to conclude that for every
neighborhood Vˇ ⊂ Wˇ of zˇ0 there is an integer n ≥ 1 such that fn(z0) ∈ V , but
fˇn(zˇ0) belongs to either Vˇ +(1, 0) or Vˇ − (1, 0). Therefore the future orbit of zˇ0
accumulates either in zˇ0 + (1, 0) or in zˇ0 − (1, 0). We assume the former holds,
the other case being similar. Note that, since fˇ commutes with integer trans-
lations, the future orbit of zˇ0 + (1, 0) must accumulate on zˇ0 + (2, 0), and one
concludes by continuity that the future orbit of zˇ0 also accumulates on zˇ0+(2, 0).
Therefore there must exists integers 0 < m1 < m2 such that fˇ
m1(zˇ0) belongs
to Wˇ + (1, 0) and fˇm2(zˇ0) belongs to Wˇ + (2, 0). Hence the transverse path
Im2+1
Fˇ
(zˇ0) crosses each φzˇ0 + (i, 0), 0 ≤ i ≤ 2. Therefore Lemma 3.5 permits
to conclude that one of conditions of Proposition 3.1 is satisfied. We conclude
using Proposition 3.1 that Assertion (i) of Theorem B holds. This completes
the proof of Theorem B. 
4 Proof of Theorem A
In this section we prove Theorem A. Let f be a homeomorphism of A which
is isotopic to the identity. We suppose that f preserves a Borel probability
measure of full support, and so the set of bi-recurrent points is dense in A.
Assume that the connected components of the set of fixed points of f are all
compact. Let fˇ be a lift of f to Aˇ. Assume that fˇ has fixed points and that
there exists an open topological disk U ⊂ A such that the set of fixed points of
fˇ projects into U . We will suppose that Case (2) of Theorem A does not hold,
i.e. considering f−1 instead of f (if necessary) we will suppose that
(H1) there exist a compact set K0 of A, a sequence of points (zl)l∈N in K0, and
a sequence of integers (nl)l∈N which goes to +∞ such that the sequence
(fnl(zl))l∈N is in K0 and
p1(fˇ
nl(zˇl))− p1(zˇl) ≥Ml,
where zˇl ∈ πˇ−1(zl) and the sequence (Ml)l∈N tends to +∞ as l goes to
+∞.
We will also suppose that Item (2) of Theorem B holds, otherwise Case (1) of
Theorem A is true.
(H2) the set of bi-recurrent points of fˇ is dense in Aˇ. In particular fˇ has no
wandering points.
Write Iˇ ′ for the lifted isotopy and fˇ for the lift of f associated to I ′. By
Theorem 2.2 one can find a maximal identity isotopy I = (ft)t∈[0,1] larger than
I ′. It can be lifted to an isotopy Iˇ = (fˇt)t∈[0,1] with dom(Iˇ) = πˇ
−1(dom(I)).
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This isotopy is a maximal singular isotopy of fˇ larger than Iˇ ′. By Theorem 2.3
one can find an oriented singular foliation F which is transverse to I, its lift to
dom(Iˇ), denoted by Fˇ is transverse to Iˇ.
Remark 2. Under above hypotheses we want to prove that there exist an admis-
sible Fˇ -transverse path γˇ, a leaf φˇ of Fˇ and a non-zero integer j with |j| ≥ 2,
such that γˇ crosses both φˇ and φˇ+(j, 0). Therefore Corollary 3.7 permits us to
conclude that one of the conditions of Proposition 3.1 is satisfied, and so Case
(1) of Theorem A holds. In fact using Hypothesis (H2) we can “extend” γˇ to the
natural lift of a transverse loop Γˇ such that Γˇ and Γˇ + (j, 0) have Fˇ -transverse
intersection. Therefore we conclude the following (see remark following Propo-
sition 3.1)
(1’) there exists an integer q ≥ 1 such that for every irreducible rational num-
ber r/s ∈ [−1/q, 1/q] the map the map zˇ 7→ fˇ s(zˇ) + (r, 0) has a fixed
point.
We start recalling that from our suppositions, the set of fixed points of fˇ is
not empty and it projects into an open topological disk U of A. We have the
following result.
Lemma 4.1. Let Uˇ be a connected component of πˇ−1(U). Let A be an essential
compact annulus of A and let Aˇ be the lift of A to Aˇ. Then the diameter of the
set Uˇ ∩ Aˇ ∩ Sing(Fˇ) is bounded.
Proof. Suppose by contradiction that it is unbounded, i.e. there exists a se-
quence (xˇn)n∈N of singularities of Fˇ in Uˇ∩Aˇ such that the sequence (p1(xˇn))n∈N
is unbounded. By compactness of Sing(F)∩A we can suppose that the sequence
(πˇ(xˇn))n∈N converges to x in Sing(F) ∩ A. Since the open disk U contains all
singularities of F we have that x is in U . Let xˇ be the lift of x contained in
Uˇ . Since Uˇ is an open disk in Aˇ, we can find a small bounded ball D contained
in Uˇ and containing xˇ. Therefore there are a non-zero integer j and a large
enough integer n such that xˇn + (j, 0) is in D ⊂ Uˇ . This implies that xˇn is in
(Uˇ − (j, 0)) ∩ Uˇ with j 6= 0. Since Uˇ is arcwise-connected this contradicts the
fact that U = πˇ(Uˇ) is an open topological disk in the open annulus A. This
completes the proof of the lemma. 
Proposition 4.2. Let A be an essential compact annulus of A and let Aˇ be the
lift of A to Aˇ. Then there exists a constant MA > 0 such that if zˇ and fˇ
n(zˇ)
belong to Aˇ and ∣∣p1(fˇn(zˇ))− p1(zˇ)∣∣ ≥MA
then one of the following must hold:
(a) there exist a leaf φˇ of Fˇ and three distinct integers ji, 1 ≤ i ≤ 3, such that
the transverse path In
Fˇ
(zˇ) crosses each φˇ+ (ji, 0), or
(b) there exists m ∈ {1, · · · , n− 1} such that fˇm(zˇ) does not lie in Aˇ.
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Proof. From the previous lemma, one can find an open neighborhood V ⊂ U
of Sing(F) such that if Vˇ is a lift of V to Aˇ, the diameter of Vˇ ∩ Aˇ ∩ Sing(Fˇ)
is bounded and such that for every point zˇ ∈ πˇ−1(V ), the points zˇ and fˇ(zˇ)
belong to the same connected component of πˇ−1(U). One knows that for every
point z ∈ A \ V , there exists a small open disk O ⊂ dom(F) containing z such
that for every z′ ∈ O the path I2F (f
−1(z′)) crosses the leaf φz . By compactness
of A \ V , one can cover this set by a finite family (Oi)1≤i≤r and so one can
construct a partition (Xi)1≤i≤r of A \ V such that for every i ∈ {1, · · · , r} we
have Xi ⊂ Oi. We have a unique partition (Xˇα)α∈A of Aˇ such that, either Xˇα
is contained in a connected component of πˇ−1(U) and projects onto V , or there
exists i ∈ {1, · · · , r} such that Xˇα is contained in a connected component of
πˇ−1(Oi), and projects onto Xi. We write α(zˇ) = α, if zˇ ∈ Xˇα. Let us define
M0A = max
zˇ∈Aˇ
∣∣p1(fˇ(zˇ))− p1(zˇ)∣∣ and M1A = max
α∈A
diam(p1(Xˇα)).
Let assume Assertion (b) of the proposition does not hold, and let zˇ ∈ Aˇ, and
n ≥ 1 an integer such that zˇ, fˇ(zˇ), · · · , fˇn(zˇ) are contained in Aˇ and define a
sequence n0 < n1 < · · · < ns in the following inductive way:
n0 = 0, nl+1 = 1 + sup{k ∈ {nl, · · · , n− 1}|α(fˇ
k(zˇ)) = α(fˇnl(zˇ))}, ns = n.
We have the following facts:
(i) for every l ∈ {1, · · · , s−1} at least one the sets Xˇα(fˇnl(zˇ)) and Xˇα(fˇnl+1(zˇ))
does not project on V ∩A;
(ii) we have that ∣∣p1(fˇnl(zˇ))− p1(fˇnl+1(zˇ))∣∣ ≤M0A +M1A.
If ∣∣p1(fˇn(zˇ))− p1(zˇ)∣∣ ≥ (6r + 1)(M0A +M1A)
then by above Property (ii), s ≥ 6r + 1 and so, by above Property (i), there
exist at least 3r sets Xˇα(fˇnlk (zˇ)) that do not project on A∩V . This implies that
Assertion (a) holds, completing the proof of the proposition. 
Let A0 be an essential compact annulus containing the compact set K0
provided by Hypothesis (H1). Since from our suppositions, the connected com-
ponents of the set of fixed points of f are all compact, we deduce that the union
of A0 with all connected components of the fixed point set intersecting A0 is
also compact. Hence we can consider two essential simple loops γN and γS in A
which do not contain fixed points of f , such that the essential compact annulus
A′ limited by the paths γN and γS contains A0. Let B = f−1(A′)∪A′ ∪ f(A′),
and note that any fixed point for f that lies in B must also lie in A′, and since
γN and γS are fixed point free, it must lie in the interior of A′.
In the following, we assume that for each point zˇ in Aˇ, each integer j ≥ 2
and each leaf φˇ of Fˇ , the trajectory IZ
Fˇ
(zˇ) does not cross both φˇ and φˇ+ (j, 0),
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otherwise Theorem A follows from Corollary 3.7. We deduce the following
proposition.
Proposition 4.3. If Theorem A does not hold, then there exist points a and
b that are not fixed by the lift fˇ , a sequence (wˇl)l∈N, two sequences of integers
(pl)l∈N and (ql)l∈N such that
lim
l→+∞
pl = lim
l→+∞
ql = +∞, lim
l→+∞
wˇl = a, lim
l→+∞
(fˇ ql(wˇl)− (pl, 0)) = b.
Proof. We note that from previous proposition, we can suppose that for every
large integer l, some element of the set {zˇl, · · · , fˇnl(zˇl)} does not lie in Aˇ′.
As zˇl and fˇ
nl(zˇl) belongs to Aˇ′ there exist an integer il such that for every
i ∈ {0, · · · , il−1}, fˇ
i(zˇl) belongs to Aˇ′ but fˇ
il(zˇl) does not belong to Aˇ′ and an
integer jl such that for every j ∈ {jl+1, · · · , nl}, fˇ j(zˇl) belongs to Aˇ′ but fˇ jl(zˇl)
does not belong to Aˇ′. Let wˇl = fˇ il(zˇl) and ql = jl − il, so fˇ ql(wˇl) = fˇ jl(zˇl).
Since both the image and pre-image of A′ lie in B, we deduce that wˇl and
fˇ ql(wˇl) lie in B \ IntA′. Moreover if A is a compact annulus containing B, from
previous proposition we have that
|p1(zˇl)− p1(wˇl)| ≤MA and
∣∣p1(fˇnl(zˇl))− p1(fˇ ql(wˇl))∣∣ ≤MA,
and so
p1(fˇ
ql(wˇl))− p1(wˇl) ≥Ml − 2MA.
The proposition follows from the compactness of B \ IntA′ which has no fixed
point of f . 
We denote by φa the leaf of Fˇ that contains a, and by D′ the set of all point
w whose whole transverse trajectory crosses the leaf φa.
Lemma 4.4. The set D′ is an fˇ -invariant connected open set which is hori-
zontally unbounded, that is diam(p1(D
′)) = +∞.
Proof. Note that the set D′ is fˇ -invariant (by definition) and open by Lemma
2.4. Therefore for every large integer l the point fˇ ql(wˇl) belongs to D
′, and so
D′ is horizontally unbounded. It remains to prove that D′ is connected. Indeed,
let π˜ : ˜dom(Fˇ) → dom(Fˇ) the universal covering map of dom(Fˇ) and let φ˜a
be a lift of φa to the universal covering to dom(Fˇ). We consider D˜′ the set of
all point w˜ whose whole transverse trajectory crosses the leaf φ˜a. Recall that
φ˜a is a Brouwer line, and if O is the connected component of the complement
of φ˜a ∪ f˜(φ˜a) whose closure contains φ˜a ∪ f˜(φ˜a) then D˜′ = ∪n∈Zf˜n(O). It
follows that D˜′ is a connected set, and as D′ = π˜(D˜′) we conclude that D′ is a
connected set. 
Note that if D′ intersects D′ + (j, 0), where j is an integer with |j| ≥ 2 then
there exists a point w whose whole Fˇ -transverse trajectory crosses both leaves
φa and φa + (j, 0). It follows from Corollary 3.7 that Case (1) of Theorem A
holds (see Remark 2) and we are done. Suppose now that D′ and D′ + (j, 0)
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are disjoint for all integer j with |j| ≥ 2. We claim that this cannot be possible.
Indeed, let D be the union of D′ and all bounded connected components of
the complement of D′. It follows, using the previous lemma, that D is an
fˇ -invariant horizontally unbounded open disk such that D and D + (j, 0) are
disjoint if |j| ≥ 2. Moreover as fˇ commute with each integer translation we have
that D + (j, 0) is also an fˇ -invariant open disk. As b is not fixed by fˇ , we can
consider a closed topological disk B containing b such that fˇ(B) ∩ B = ∅. As
the sequence (fˇ ql(wˇl)− (pl, 0))l∈N converge to b, we have that for all sufficiently
large l, fˇ ql(wˇl) − (pl, 0) belongs to both D − (pl, 0) and B. As a consequence,
B intersects D − (pl, 0) for at least three different pl (see Figure 3). Therefore
B intersects three pairwise disjoints fˇ -invariant topological open disk, so by
Theorem 2.14 fˇ must have wandering points. This contradicts Hypothesis (H2)
completing the proof of Theorem A.
B B+(pl,0) 
D
D+(pl,0)
a
a
b
Figure 3: Set D and its translations.
5 Examples
Let us call a homeomorphism f : A→ A irrotational if its rotation set is reduced
to an integer number. In this case, f has a lift fˇ to Aˇ satisfying Rot(fˇ) = {0},
which we call the irrotational lift of f .
From Theorem A we know that, given an area-preserving irrotational home-
omorphism f of the open annulus A such that the connected components of the
set of fixed point of f are all compact and such that the set of fixed points of the
irrotational lift, fˇ , of f to Aˇ projects into an open topological disk of A, then
for every compact set K of A there exists a real constant M > 0 such that for
every zˇ ∈ Aˇ and every integer n ≥ 1 such that zˇ and fˇn(zˇ) belong to πˇ−1(K)
one has ∣∣p1(fˇn(zˇ))− p1(zˇ)∣∣ ≤M.
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We will describe (in the following proposition) an example to show that in
general one may not expect this bound to be independent of the compact set.
Proposition 5.1. There exists an irrotational homeomorphism fbound of A
which preserves a Borel probability measure of full support satisfying:
(1) the set of fixed points of the irrotational lift fˇbound of fbound projects into
an open topological disk of A;
(2) the connected components of the set of fixed points of fbound are all com-
pact;
(3) for every real number η > 0 and every integer j ≥ 1 there exist a point
zˇ ∈ Aˇ and an integer n ≥ 1 such that
zˇ ∈ [0, η]× [j, j + 1] and fˇnbound(zˇ) ∈ [j, j + η]× [j, j + 1].
(4) the homeomorphism fbound of A extends continuously to the semi-closed
annulus A+∞ := T
1× (−∞,+∞] as the identity on the circle T1×{+∞}.
The example from previous proposition will allow us to describe another
example showing that the hypothesis “the connected components of the set of
fixed point of f are all compact” is essential in the conclusion of Theorem A. In
the following example none of the Cases of Theorem A holds.
Proposition 5.2. There is an irrotational homeomorphism fnone of A which
preserves a Borel probability measure of full support satisfying:
(1) the set of fixed points of the irrotational lift fˇnone of fnone projects into
an open topological disk of A;
(2) there exists a compact set K0 of A such that for every real number M > 0,
there exist a point zˇ ∈ Aˇ and an integer n ≥ 1 such that zˇ and fˇn(zˇ)
belong to πˇ−1(K0), and∣∣p1(fˇnnone(zˇ))− p1(zˇ)∣∣ ≥M.
To obtain the example from Proposition 5.1, it suffices to prove the following
proposition.
Proposition 5.3. Let x0, x
′
0 and x1, x
′
1 be four points in T
1 and let ǫ > 0
be a real number. Then there exists a real number δ > 0 such that, given a
positive integer j and two irrotational diffeomorphisms g0, g1 : T
1 → T1 which
are different from the identity, δ-close to the identity in the C1-topology and
such that xi and x
′
i are fixed points of gi, i ∈ {0, 1}, there is an area-preserving
irrotational homeomorphism f : T1× [0, 1]→ T1 × [0, 1] which is isotopic to the
identity and satisfies:
(a) f coincides with g0 (resp. g1) on the boundary component T
1×{0} (resp.
T1 × {1});
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(b-1) there exists a path that joins T1 × {0} to T1 × {1}, it is contained in the
interior of T1 × [0, 1], but the endpoints, and it does not intersect the set
of fixed points of f ;
(b-2) there exists a loop in the interior of T1 × [0, 1] which is not homotopic to
zero, and it does not intersect the set of fixed points of f ;
(c) For every real number η > 0 there exist a point zˇ ∈ R × [0, 1] and an
integer n ≥ 1 such that
zˇ ∈ [0, η]× [0, 1] and fˇn(zˇ) ∈ [j, j + η]× [0, 1].
(d) f is ǫ-close to the identity in the C0-topology.
This proposition will be proved at the end of this section. In what follows,
we will prove Propositions 5.1 and 5.2 assuming Proposition 5.3.
5.1 Proof of Propositions 5.1 and 5.2
Proof of Proposition 5.1. For every n ∈ Z let zn := (0, n) and z′n := (1/2, n)
be points in A. Let us fix a sequence of positive real numbers (ǫn)n∈Z which
converges to 0 as n to +∞ and consider the sequence of positive real numbers
(δn)n∈Z such that δn < ǫn given by Proposition 5.3. Let us consider a sequence
(gn)n∈Z of diffeomorphisms of the circle T
1 as in Proposition 5.3 (gn fixes only
0 and 1/2) which are δn-close to the identity to the identity in the C
1-topology,
and a sequence of positive integers (jn)n∈Z which goes to +∞ as n to +∞. For
every integer n we can define an area-preserving irrotational homeomorphism
fn on the closed annulus An = T
1× [n, n+1] ⊂ A which satisfies the properties
formulated in Proposition 5.3 and that the restriction of fn to T
1×{n} is gn and
the restriction of fn to T
1 ×{n+1} is gn+1. Let us define the homeomorphism
fbound of the open annulus A which coincides with fn on An ⊂ A. We note
that this homeomorphism preserves a Borel probability measure of full support.
Moreover Properties (1) and (2) in Proposition 5.1 follows of Properties (b-
1) and (b-2) in Proposition 5.3 respectively. Moreover, Properties (3) and (4)
in Proposition 5.1 follows of Property (c) in Proposition 5.3 and Property (d)
in Proposition 5.3 and the chosen of the sequence (ǫn)n∈Z respectively. This
completes the proof of the proposition. 
Proof of Propositions 5.2. Let us define the following equivalence relation on
the semi-closed annulus A+∞ := T
1 × (−∞,+∞].
(x, y) ∼ (x′, y′) if and only if
{
x = x′ and y = y′;
y = y′ = +∞, x ∈ [−1/4, 1/4] and x′ = 1− x.
Let A′+∞ := A+∞/ ∼ be the quotient space of A+∞. For (x, y) ∈ A+∞, we write
[(x, y)] the equivalence class of (x, y). One has that A′+∞ is homeomorphic to
A+∞ and let ϕ : A
′
+∞ → A+∞ be such a homeomorphism which acts as the
29
identity on a neighborhood of the set {[(1/2, y)] : y ∈ R ∪ {+∞}}, and such
that the image by ϕ of {[x,∞] : 0 ≤ x ≤ 1/4} is the segment {(0, t) : 0 ≤
t ≤ +∞}. Now, as fbound is the identity on the circle T1 × {+∞} (Property
(4) in Proposition 5.1), it induces a homeomorphism f ′none on A
′
+∞ which acts
as the identity on the segment L+∞ := {[(x,+∞)] : x ∈ [0, 1/4]}. We denote
by fnone the restriction to A of the homeomorphism ϕf
′
none ϕ
−1 defined on
the semi-closed annulus A+∞. We note that fnone is isotopic to the identity
of A. Let K0 be a closed topological disk in A+∞ that does not intersect the
boundary of the semi-closed annulus and that contains ϕ([(0,+∞)]) ∈ ϕ(L+∞)
in its interior. We note that there exist an integer n0 and a real number η0 > 0
such that
ϕ({[(x, y)] : (x, y) ∈ [n0,+∞]× [−η0, η0]}) ⊂ K0.
(see Figure 4).
K0
Figure 4: The set K0.
Hence Property (2) in Proposition 5.2 follows of Property (3) in Proposition
5.1. Moreover as ϕ acts as the identity on a neighborhood of {1/2}×R Property
(1) in Proposition 5.2 follows of Property (1) in Proposition 5.1. This completes
the proof of Proposition 5.2. 
5.2 Proof of Proposition 5.3
We use the following lemma (see [KT3]). It can be obtained by a straightforward
adaptation of the proof of Proposition 2.2 from [BCW].
Lemma 5.4. For every real number ǫ > 0 there exists a real number δ > 0 such
that, if g : T1 → T1 is a diffeomorphism of the circle which is δ-close to the
identity in the C1-topology, then there exists an area-preserving diffeomorphism
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f : T1 × [0, 1]→ T1 × [0, 1] of the closed annulus which is ǫ-close to the identity
in the C1-topology satisfying f(x, 1) = (g(x), 1) and f(x, 0) = (x, 0) for every
x ∈ T1.
We deduce the following corollary.
Corollary 5.5. For every real number ǫ > 0 there exists a real number δ > 0
such that, if g : S1 → S1 is a diffeomorphism of the unit circle of the plane which
is δ-close to the identity in the C1-topology, then there exists an area-preserving
homeomorphism f : D→ D of the closed unit disk which is ǫ-close to the identity
in the C1-topology satisfying f |S1 = g. Moreover if z0 and z1 are not fixed points
of g, then there exists a path α in the interior of D, but the endpoints, that does
not contain fixed points and that joins z0 to z1.
Proof. If g : S1 → S1 is a diffeomorphism which is δ-close to the identity,
then applying the above lemma one can conclude that there exists an area-
preserving diffeomorphism f ′ as the above lemma. Furthermore, by performing
an arbitrarily small area-preserving perturbation, we may assume that f ′ has
finitely many fixed points in T1 × (0, 1). Collapsing the boundary component
T1 × {0} to a point, we obtain an area-preserving homeomorphism f of the
closed unit disk D of R2 which is ǫ-close to the identity such that f |∂D = g.
Since f has finitely many fixed points in the interior of D, the existence of the
path α follows. 
Proof of Proposition 5.3. Our proof is an adaptation of the proof of the last
claim from [KT3]. Let consider a topological flow (φt)t∈R on the closed annulus
lifting to a flow (φˇt)t∈R of R× [0, 1] such that:
• φt is area-preserving for every t ∈ R;
• the square Dˇ0 := (0, 1/2)× (0, 1) is φˇt-invariant for every t ∈ R;
• there are finitely many singularities and no essential closed “connections”;
• there are not singularities on the boundary of Dˇ0 but the vertices.
We note that by construction for each t ∈ R there is a circle φˇt-invariant,
close enough of the boundary of Dˇ0 such that the restriction of φˇt on this
circle is transitive. Given an integer j ≥ 1, let us consider the homeomorphism
H : R× [0, 1]→ R× [0, 1] defined as
H(xˇ, y) := (xˇ, y) + ((j + 1) sin(2πy), 0).
We write T : (xˇ, y) 7→ (xˇ+1, y). Note that TH = HT and that the projection of
the topological disk Dˇ = H(Dˇ0) onto the first coordinate has diameter greater
than j. For every t ∈ R, consider
fˇt := HφˇtH
−1.
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It is easy to check that T fˇt = fˇtT , fˇt(Dˇ) = Dˇ, and that for every integer n,
fˇnt = Hφˇ
n
t H
−1. Moreover given a real number η > 0, both sets
IntH−1([0, η]× [0, 1]) and IntH−1([j, j + η]× [0, 1])
contain points in the boundary of Dˇ. Therefore, for every t ∈ R one can find
as above a φˇt-invariant and transitive circle intersecting both sets. This implies
that there exists a point zˇ and an integer n ≥ 1 such that
zˇ ∈ [0, η]× [0, 1] and fˇnt (zˇ) ∈ [j, j + η]× [0, 1].
For i ∈ {−1, 0, 1}, let Ai = T1× [i, i+1]. Given x0, x′0, x1 and x
′
1 four points
in T1 let z−1 = (x0,−1), z′−1 = (x
′
0,−1); z0 = (0, 0), z
′
0 = (1/2, 0); z1 = (0, 1),
z′1 = (1/2, 1); z2 = (x1, 2), z
′
2 = (x
′
1, 2). For each i ∈ {−1, 1} consider two
disjoint segments αi and α
′
i joining zi to zi+1 and z
′
i and z
′
i+1 respectively, where
both segments are contained in the interior of Ai but for the endpoints. These
two segments divide the interior of the closed annulus Ai in two open topological
disks Di and D
′
i whose closure are closed disks. Given a real number ǫ > 0,
by Corollary 5.5 applied on each closed disk Di, D′i, i ∈ {−1, 1} we obtain a
real number 0 < δ < ǫ. Define f on A0 as f = ft, where t is chosen small
enough so as to guarantee that ft is δ-close to the identity in the C
1-topology.
For each i ∈ {−1, 1} let us choose two diffeomorphisms gαi : αi → αi and
g′αi : α
′
i → α
′
i without fixed point but the endpoints close enough to the identity
such that the diffeomorphisms induced on ∂Di and ∂D
′
i by g0, g1, f , gαi and
g′αi (and their inverses) are δ-close to the identity. We can apply Corollary 5.5
on each disk Di and D′i to obtain an area-preserving homeomorphism fi and f
′
i
of Di and D′i respectively which are ǫ-close to the identity. We consider now
the homeomorphism of T1 × [−1, 2] which coincides with f on A0 and with fi
and f ′i on Di and D
′
i, i ∈ {−1, 1}, respectively. Rescaling the annulus vertically
we obtain a homeomorphism which satisfies the conditions of Proposition 5.3.
This completes the proof of the proposition. 
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